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I. BACKGROUND

This section gathers together information on isolated static spherically symmetric spacetimes with an origin that are
exact solutions of Einstein’s equations for a perfect fluid decomposition. (For convenience we label such a spacetime
as M.) By isolated we mean that the fluid smoothly joins onto a vacuum exterior across a timelike boundary surface
(X) of finite surface area. For definiteness, consider the coordinate labels (r,0,¢,t). The metric can be written in
adapted form [4] as

ds* = B(r)dr* + C(r)r?dQ* — A(r)dt? (1)

where dQ? is the metric of a unit sphere d§? + sin?(0)d$?. There are only two free functions. The most common
representations are C(r) = B(r) for isotropic coordinates and C(r) = 1 for curvature coordinates. Associated with M
is the effective gravitational mass (M), taken here to be defined by
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The invariant properties of M were first explored by Hernandez and Misner [5]. Within curvature coordinates M
takes the form
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ds? = +7r2dQ% — 2®(M g2, (3)

A. Fluid decomposition and Einstein’s equations.

For concreteness let us take the representation (3) with the coordinates (r, 8, ¢, t) taken to be comoving in the sense
that the mathematical fluid streamlines are given by u® = ¢~ ®("§2. The fluid decomposition is taken to be [6]

T3t = (p(r) + p(r))uup + p(r)dy. (4)

Solving for ®'(r) (' = 4 ( for example from the r-component of the conservation equations and Einstein’s equations,
V.T% =0 and GI = 8rp(r) ) we obtain the Tolman -Oppenheimer-Volkoff (T-OV) equation [7]
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where, from the ¢ component of the Einstein equations (G = —8mp(r)),

M(r) =4r /07” 22 p(x)dz. (6)

Detailed properties of (5) were slow to arrive. For example, only relatively recently has it been shown that there exits
a unique global solution to (5) for every finite non-vanishing p(0) [8].

B. Regularity.

Regularity conditions can be stated in terms of contractions and traces of the Riemann tensor. These conditions
impose restrictions on the physics and of course also on the coordinate representation of the spacetime. We expect
exact solutions to be exhibited in regular coordinates. Coordinate regularity conditions for the metric (1) at the
origin (r = 0) are known [9]. Here we review the regularity conditions stated in terms of physical quantities. With
spherical symmetry, there are at most three independent Ricci invariants and one independent Weyl invariant [10].
For a perfect fluid there are but two independent Ricci invariants which can be taken to be the Ricci scalar

R =87 (p(r) — 3p(r)) (7)



and the first Ricci invariant (taken here to be r; = $.55 S§, S§ the trace-free Ricci tensor)

r1 = 3(2m(p(r) + p(r)))*. (8)

The independent Weyl invariant can be taken to be wy = Ca@750“575, Cupys the Weyl tensor, and for a perfect fluid
(in the coordinates of (3)) w; is given by

M(T) 471'/)(’/‘) )2. (9)
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For static spherically symmetric perfect fluids the Riemann invariants give no further information [11]. At the centre
of symmetry (r = 0) the regularity of the Ricci invariants requires that p(0) and p(0) be finite. The regularity of the
Weyl invariant requires that M(r) is C® at r = 0 with M(0) = M(0)" = M(0)" =0 and M(0)"" = 87p(0). The centre
of symmetry is of course conformally flat. These properties of M (r) follow immediately from (6). In summary, for a
static spherically symmetric perfect fluid, finite p(0) and p(0) guarantees the regularity of all Riemann invariants at
the centre of symmetry.

C. Barotropic relation.

From the symmetry of M we have p = p(r) and p = p(r). From (5) we know that p(r) is maximal at » = 0 and
monotone decreasing to the boundary at p(ry) = 0. From the inverse function theorem then r = r(p) and so, for
every M, there exists, in a strict sense, a “barotropic” relation

p = p(p)- (10)
This is an existence statement only as in general (10) is not available explicitly. The relation
p=p(p) (11)

always exists (at least piecewise, and one expects that the cases that are only piecewise are also unstable). here we do
not refer to (11) as an “equation of state” as M contains neither thermodynamics nor details on the material being
modeled and so relation (11) could in fact reflect many different “equations of state”.

D. Causality.

Now consider a perturbed space M’. M’ represents M with a disturbance (“sound wave”) propagating in it. (There
is no disturbance in M, it is static.) Assumptions have to be made on the construction of M’. We are concerned with
(Eulerian) perturbations in M’ and need to decompose p with respect to perturbed fluid variables. Take

where the 1); represent these variables (e.g. entropy per particle (S), chemical composition, etc) so that
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Assumptions on the construction of M’ amount to assumptions on ;. The simplest assumption is that the transition
from M to M’ preserves the perfect fluid form, ¢; = S only, and the transition is adiabatic in the sense that 6S = 0.
One writes
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and if vy is evaluated from p(r) and p(r) of M (for % # 0) it is called the “adiabatic sound speed” of M. As a
consequence, one has the (formal) causality requirement [12]

v? < 1. (15)

Whereas it could be argued that “small” perturbations of M should be adiabatic and so vs should be a reasonable
approximation to the physical speed of sound in M, this argument cannot be quantified. Too little is actually known



about M. All that we are given is a phenomenological decomposition of the energy momentum tensor with no
information on the material M is supposed to model. The actual physical speed of sound depends on the detailed
structure of this material. For example, in the case of the familiar Schwarzschild interior solution, p = const. and
use of vy would suggest an infinite adiabatic sound speed (the incompressible limit). Yet, even in this extreme case,
it could be argued that the adiabatic sound speed is inappropriate. The distribution p = const. may in fact model
an object with a (contrived) composition variation rendering v, meaningless as regards the speed of sound [13]. In a
larger context, M could be viewed as a stable equilibrium state in dissipative relativistic kinetic theory. The Israel-
Stewart theory has replaced the Eckart and Landau-Lifshitz formulations since only the former allows causal stable
equilibrium states. Within this theory, available evidence suggests that (15) may not in fact strong enough when the
adiabatic sound speed is an appropriate measure [14]. Here we simply record v, for M [15].

E. Junction conditions.

We review the junction of a static perfect fluid onto vacuum by way of the Darmois - Israel conditions [16]. The
exterior Schwarzschild vacuum line element, in terms of exterior curvature coordinates (r, 6, ¢, T), is given by
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ds* = + r?(df? + sin? 0d¢?) — (1 — =—)dT>. (16)
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The interior line element, in terms of interior curvature coordinates (r, 8, ¢,t), is taken to be (3). The continuity of

the first fundamental form (intrinsic metric) associated with ¥ ensures that the continuity of 6 and ¢ in metrics (3)
and (16) is allowed and that the history of the boundary is given by [17]

s =TIy > 2m. (17)

In terms of intrinsic coordinates (7,8, ¢) (7 the proper time on X)) , the continuity of the extrinsic curvature component
K, along with the T-OV equation (5) gives

p(rs) = 0. (18)

We take (18) (with (17)) as the definition of the boundary 3. The continuity of the extrinsic curvature components
Kyg and Ky, along with (17), gives

M(rs) = m. (19)

The correct rigging of the 4-normals to ¥ (interior to exterior) is verified by the continuity of the trace of the extrinsic
curvature across X. Equations (17), (18) and (19) constitute the solution to the junction problem for the case of a
static spherically symmetric perfect fluid joined onto vacuum. Although exhibited in curvature coordinates, these
conditions are manifestly invariant.

Junction conditions are frequently confused with gauge conditions [18]. To further explain this point, it is useful
to explore the restrictions imposed by the assumption that the coordinates used in (3) and (16) are admissible in the
Lichnerowicz sense (i.e. there is no distinction between (¢,7T) and (r,r) and the 4-metric components are C' at X).
In addition to the previous conditions, when applied to (¢,7T) the Lichnerowicz conditions give

220=) =1 o™ (20)
s

and when applied to (r,r) they give

’

M (rg) = p(rs) = 0. (21)

Whereas (20) is clearly a forced choice of gauge, (21) is an unnecessary, albeit sometimes convenient, physical restric-
tion.

F. Parameters.

Ideally, the physical significance of all elements of an exact solution should be clear. A static spherically symmetric
metric admits the following 5 obvious constants of invariant physical significance: At the centre p(0) and p(0), and
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at the boundary ry (defined by (18) (with (17)), m (defined by (19)) and p(rx) (defines the jump in p at ry). Note
that whereas m is evaluated, knowing rx, ry is solved for via p(rg) = 0. In general ry (and hence m) is not available
analytically. Various combinations of these constants can of course be used, for example a = ry/m. Further constants
come from gradients of p [19]. The gradients of p are not independent as they are governed by (5). In summary then
we have the following sets of constants: For derivatives of the metric to second order,

C= (p(O),p(O),Tz,m,p(Tz)) (22)
and for derivatives of the metric to order a > 2
D= (P/(0)7 ) P2_a(0>7 pl (T2)7 ) p2_a(r2))' (23)

If the metric is C™ then there are a total of 2n + 1 obvious constants. Of these, only 4 (p(0), p(0),rs and m) need
to be non-zero. If an exact solution has more than 2n 4+ 1 “parameters” in it, the individual physical significance
of all these parameters is not a priori clear. In general, exact solutions, by their very nature, do not fall into the
idealization envisioned here. That is, one can expect solutions to contain constants which do not offer an obvious
physical interpretation [20].
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The correct condition is 34/1 — 23 = ¢. The stated conditions include the choice of gauge 2b = 1.

To make the gradients invariantly defined let n® be the outward radial normal to the fluid velocity u® and define the
gradient n“Vap = Vp(r). In curvature coordinates then we have the further constants Vp(0) = p' (0) and Vp(rs) =
mp'(rg). Going to the next order we get p (0) and o (rs) and so on.

Other, less obvious, parameters are possible. An extremal point in the potential impact parameter B provides one example.



